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Abstract
We study three dimensional O(N)k and U(N)k Chern-Simons theories
coupled to a scalar field in the fundamental representation, in the large
N limit. For infinite k this is just the singlet sector of the O(N) (U(N))
vector model, which is conjectured to be dual to Vasiliev’s higher spin gravity
theory on AdS4. For large k and N we obtain a parity-breaking deformation
of this theory, controlled by the ’t Hooft coupling λ = 4piN/k. For infinite
N we argue (and show explicitly at two-loop order) that the theories with
finite λ are conformally invariant, and also have an exactly marginal (φ2)3
deformation. For large but finite N and small ’t Hooft coupling λ, we show
that there is still a line of fixed points parameterized by the ’t Hooft coupling
λ. We show that, at infinite N , the interacting non-parity-invariant theory
with finite λ has the same spectrum of primary operators as the free theory,
consisting of an infinite tower of conserved higher-spin currents and a scalar
operator with scaling dimension ∆ = 1; however, the correlation functions of
these operators do depend on λ. Our results suggest that there should exist a
family of higher spin gravity theories, parameterized by λ, and continuously
connected to Vasiliev’s theory. For finite N the higher spin currents are not
conserved.
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1 Introduction
The AdS/CFT correspondence [1] is an exact duality between quantum gravita-
tional theories on space-times that include anti-de Sitter space AdSd+1, and con-
formal field theories in d space-time dimensions. This correspondence has many
applications, and it has taught us a lot about strongly coupled field theories and
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about quantum gravity. However, while we know how to translate computations
on one side of the duality to the other side, we do not yet have a derivation of
the AdS/CFT correspondence, that would enable us in particular to know which
quantum gravity theory is dual to a given conformal field theory, and vice versa.
Finding such a derivation is complicated by the fact that in most examples, either
one or both sides of the correspondence are strongly coupled. This is partly be-
cause the gravitational dual of any weakly coupled field theory must include light
fields of arbitrarily high spin.
There is one example of the AdS/CFT correspondence in which both sides are
weakly coupled in the large N limit; this is the conjectured duality [2, 3, 4] between
the singlet sector of the O(N) vector model (namely, N free real scalar fields) in
three space-time dimensions, and Vasiliev’s higher-spin gravity theory on AdS4
[5] (see [6] for a review). While the gravitational side of this duality is only
understood at the classical level, and it is not yet known how to give it a quantum
completion, in the classical gravity limit (governed by tree-level diagrams in the
bulk) this provides an example of the AdS/CFT correspondence in which both
sides are weakly coupled. This allows many detailed tests of the correspondence
to be performed in this case [7, 8, 9], and it also suggests that this could be an
ideal toy model for which a derivation of the AdS/CFT correspondence could be
found (and perhaps then generalized to more complicated cases). Indeed, there are
several suggestions in the literature [10, 11, 12, 13] for how to derive the AdS/CFT
correspondence explicitly in this example.
In this paper we study a small deformation of the duality above, on the field
theory side; it should be possible to map any such deformation to the gravity side
as well, and to utilize the extra structure that it provides to learn more about the
explicit AdS/CFT mapping in this case. A simple way to obtain a theory that
contains only the singlet sector of the O(N) vector model is by coupling N free
scalar fields to an O(N) gauge theory; since we do not want to add any dynamics
of the gauge field, we should not have standard kinetic terms for the gauge fields,
but we can view their action as the k → ∞ limit of the O(N)k Chern-Simons
gauge theory [7].1 It is then natural to deform the theory by making the Chern-
1The Chern-Simons action is required to make the operator Fµν(x) trivial, to ensure that we
do not add any additional local operators to the theory beyond the singlets of the vector model.
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Simons level k a finite integer; this theory has a ’t Hooft limit, controlled by a ’t
Hooft coupling λ ≡ 4piN/k, and at large N this gives a continuous parity-breaking
deformation of the original theory. On the field theory side one can then perform
computations in perturbation theory in λ, and it should be possible to translate
these into perturbative computations also on the gravity side, and to obtain a more
detailed weak-weak coupling duality. We will consider both the O(N) case with
a real scalar field in the fundamental representation, and the U(N) case with a
complex scalar. These theories were previously studied perturbatively in [14, 15].
We begin in section 2 by introducing our action and our methods of regularizing
and renormalizing it. In section 3 we study whether the theory at small λ is
still conformally invariant. The Chern-Simons level is quantized and does not run
[16, 17]. One problem that may arise whenever we have interactions is that relevant
operators of the form φ2 and (φ2)2 (where φ is the scalar field) may be generated,
even if they are tuned to zero at some scale. However, in our renormalization
scheme these couplings do not run away if they are initially set to zero. A more
serious problem is that this theory has a classically marginal λ6(φ
2)3/N2 coupling,
which could start running once we turn on λ. However, we provide an argument
(and check explicitly at two-loop order) that at infinite N the beta function for
this coupling vanishes. Therefore, there is a two-dimensional family of large N
conformal field theories, parameterized by λ and by λ6. For large but finite N
we show that a beta function for λ6 is generated, but that (at least) for small
λ this beta function still has an IR-stable fixed point, so that there still exists a
one-parameter family of conformal field theories, parameterized by λ. Note that
while λ is a discrete parameter for finite N , it is almost continuous when N is very
large.
In section 4 we analyze the spectrum of the large N family of conformal field
theories that we find, and show that it is independent of λ (and thus identical to
that of the free theory with λ = 0). In particular, conserved higher-spin currents
still exist for infiniteN and any λ, though the corresponding symmetries are broken
for finite N . Such an appearance of an infinite number of conserved currents in
an interacting theory is quite surprising, and this could lead one to suspect that
the theories we discuss may be independent of λ in the large N limit. In section
5 we show that this is not the case, by computing a correlation function in these
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theories at leading order in λ (in the large N limit) and showing that it depends
on λ. We end in section 6 with a summary of our results and a discussion of some
future directions.
2 The O(N) Model with Chern-Simons Interac-
tions
Consider the theory of a real scalar field φ in the fundamental representation of
O(N), coupled to gauge bosons Aµ with Chern-Simons interactions at level k in
three Euclidean dimensions (the generalization to N complex scalar fields coupled
to a U(N)k Chern-Simons theory is straightforward, and we will occasionally dis-
cuss below this case as well). We regulate the theory using dimensional reduction
[18] (see below), and work in Lorenz gauge (Landau gauge), ∂µAµ = 0. The
regularized action in terms of the renormalized fields and couplings is
S = SCS + Sgh + Sb , (1)
SCS =
∫
ddx
{
− i
2
ZAµνλA
a
µ∂νA
a
λ −
i
6
µ/2gZgµνλf
abcAaµA
b
νA
c
λ
}
, (2)
Sgh =
∫
ddx
{
− 1
2γR
(∂µA
a
µ)
2 + Zgh∂µc¯
a∂µca + µ/2Z˜ggf
abc∂µc¯
aAbµc
c
}
, (3)
Sb =
∫
ddx
{
1
2
Zφ(∂µφi)
2 + µ/2Z ′gg∂µφiT
a
ijA
a
µφj −
1
4
µZ ′′g g
2{T a, T b}ijφiφjAaµAbµ
+µ2Zg6
g6
3! · 23 (φiφi)
3
}
, (4)
where d = 3 − , and µ is the renormalization scale (for additional conventions,
see Appendix A). The coupling g is related to the integer Chern-Simons level k by
k = 4pi/g2. When taking the ’t Hooft large N limit, the couplings λ = g2N and
λ6 = g6N
2 are held fixed, and in this limit λ becomes a continuous parameter.
Note that while parity is broken due to the Chern-Simons interaction, the theory
is dual under the combined transformation of parity plus λ→ −λ (k → −k), and
physical results must be invariant under this transformation.
Once λ > 0, in order to renormalize the theory in a generic scheme we must add
also two relevant interactions that will be generated by quantum corrections: a
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mass term (φiφi) and an interaction of the form g4(φiφi)
2. We are interested in
interacting conformal fixed points of our field theory, so we will generally fine-tune
our couplings so that the physical mass and φ4 couplings vanish, and then for
the purposes of our computations we can just ignore these terms. In fact, in the
scheme we are using (of dimensional reduction and minimal subtraction), once we
fix the renormalized dimensionful couplings to zero, they remain zero so we do not
even have to add them to our action.
At least in the large N limit, we could also study the theory in which the coupling
g4 does not vanish; if it is non-zero then the theory flows to another fixed point,
which at large N is closely related to the original fixed point (at infinite N it has
the same spectrum of operators, except for the operator φiφi whose dimension at
the interacting fixed point is ∆ = 2). For the theory with λ = 0 this was discussed
in the AdS/CFT context in [4, 19, 20, 9], and the same analysis holds also at finite
λ. Therefore, most of our results also apply to the “critical” fixed point with a
non-zero g4 coupling. However, for simplicity, we will focus here on the case where
the physical g4 coupling is tuned to vanish.
Note that dimensional regularization of this theory is subtle, since the 3-form
integration of the Chern-Simons interaction (2) is not well-defined for arbitrary
dimension. To regulate loop integrals we first perform the tensor algebra in 3
dimensions, and then compute the resulting scalar integral in d = 3− dimensions.
This method, known as dimensional reduction [18], has been shown in [14] to
preserve gauge-invariance in this theory at least up to two-loop order.
3 Conformal Symmetry
In this section we analyze the conditions under which the theory defined by (1)
is conformal, both for finite and for infinite N . The Chern-Simons level k is
quantized to be an integer and is therefore not renormalized, except perhaps by
an integer shift at one-loop order; this has been verified explicitly in [14]. The
corresponding one-loop shift in λ is of order 1/N in the ’t Hooft large-N limit that
we study here, so we will ignore it. However, the classically-marginal λ6 coupling
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may receive corrections.2 In order to check for conformal fixed points we need to
compute its beta function βλ6(λ, λ6), and show that it vanishes. In section 3.1
we compute this beta function at the first non-trivial order, by computing the
divergent contributions to the amputated correlator〈
φi1(x1) · · ·φi6(x6)
〉
amp.
. (5)
We might expect that solving βλ6(λ, λ6) = 0 would result in a line of fixed points
in the (λ, λ6) plane. For large and finite N we indeed find two such lines; however,
at infinite N we find that λ and λ6 are both exactly marginal at 2-loops. In section
3.2 we show that this is actually true to all orders in perturbation theory, so that
at infinite N there is a family of conformal field theories labeled by continuous
parameters λ and λ6. In section 3.3 we argue that there is no spontaneous breaking
of the conformal symmetry in our theories.
3.1 The Beta Function βλ6 at Two Loops
In this section we compute βλ6 in momentum space using minimal subtraction. In
our theory, using our dimensional reduction regularization, all 1-loop integrals are
finite. Indeed, for quadratic and logarithmic divergences in three dimensions, the
numerator must be an odd power of the loop momentum q, which must be of the
form qµq2n, and then the q integral vanishes by the q → −q symmetry. Linear
divergences are rendered finite by dimensional regularization. In the specific case
of βλ6 , a one-loop contribution is also not allowed by the parity transformation.
Therefore, the leading contribution to this beta function arises at 2-loop order. The
〈φ6〉 correlator (5) is superficially log-divergent, with over 50 two-loop diagrams
contributing to it in the planar limit alone. However, the number of diagrams that
may contribute to its divergence is greatly reduced by the following observation.
Consider a diagram that includes a φAµ∂µφ vertex, with the gluon carrying a loop
momentum q and one of the scalar lines carrying an external momentum p. In the
numerator we then have µνρq
ρ from the gluon propagator (47) and (q+ 2p)µ from
the vertex, and the leading high-energy term of order q2 cancels by antisymmetry.
2For the Abelian Chern-Simons theory coupled to a scalar field, such corrections were studied
in [21, 22].
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Therefore, in such a situation the degree of divergence is reduced and the diagram
is finite. As a result, the only diagrams that can contribute to βλ6 at 2-loop order
are the following:
(A1) (A2) (A3) (A4)
(A5) (A6) (A7) (A8)
The diagrams (A1-3) include planar diagrams, while the others are suppressed by
powers of 1/N in the ’t Hooft large N limit. In order to compute the 2-loop beta
function, we need in addition to the diagrams above also the anomalous dimension
of the scalar field at this order. This comes from the following diagrams:3
(B1) (B2) (B3) (B4)
The divergent parts of all the diagrams above are listed in Appendix B. By sum-
3These diagrams were already computed in [14].
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ming these we can determine the renormalization constants,
Zφ ≡ 1 +
∑
i
(Bi) = 1− g
4 (3N2 − 23N + 20)
384pi2
1

, (6)
g6Zg6 ≡ g6 +
∑
i
(Ai) = g6 +
66g8 (N − 1) + 4g26 (3N + 22)− 3g4g6 (N2 + 19N − 20)
128pi2
1

.
(7)
The bare sextic coupling g6,0 = µ
2g6Zg6/Z
3
φ may thus be written in the form
g6,0 = g6 + b1(g, g6)/+ (other terms), where
b1(g, g6) =
33g8(N − 1)− 40g4g6(N − 1) + 2g26(3N + 22)
64pi2
. (8)
The beta function for the λ6 coupling is related to the single pole in dimensional
regularization by βg6 = −2b1 + 2g6∂g6b1 + 12g∂gb1 [23], leading to
βλ6(λ, λ6) =
33(N − 1)λ4 − 40(N − 1)λ2λ6 + 2(3N + 22)λ26
32N2pi2
. (9)
In the ’t Hooft large N limit we see that βλ6 = 0, so that both the (φ
2)3 coupling
and the Chern-Simons interaction are marginal at this order. For the theory with
only (φ2)3 couplings it is easy to see that the large N beta function vanishes
to all orders, since there are no contributing diagrams; it is indeed well-known
that this coupling is exactly marginal in the large N limit [24] (see [25] for a
review). However, for finite λ there do exist divergent planar diagrams. The
vanishing of the λ4 term in (9) at this order is due (in our gauge choice) to a
non-trivial cancelation between the diagrams (A2) and (A3). There is also a large
N divergence proportional to λ2λ6 arising from (A1), that exactly cancels in the
planar limit with the similar contribution from the anomalous dimension of φi. In
fact, one can show that, at large N , contributions to the beta function can have
either zero or one (φ2)3 vertices, and that the planar diagrams contributing with
a single (φ2)3 vertex are the same as the diagrams contributing to the anomalous
dimension of φ2. Thus, the large N beta function takes the form
βλ6(λ, λ6) = b γφ2(λ)λ6 + f(λ) +O(1/N), (10)
where γφ2 is the anomalous dimension of φ
2 and b is a constant. In the next
subsection we argue that both this anomalous dimension and the beta function
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βλ6 vanish in the large N limit, so that the couplings λ and λ6 are both exactly
marginal in this limit.
At finite but large N the beta function does not vanish. Without the coupling λ,
the beta function is positive so the theory with λ6 > 0 is trivial (IR-free). However,
when λ 6= 0 and for large N ≥ 10, we find from (9) two lines of non-trivial fixed
points of the two-loop beta function,
λ±6 (λ) =
(
20N − 20±√1852− 2054N + 202N2)λ2
44 + 6N
. (11)
The line λ+6 (λ) is IR-stable, while λ
−
6 (λ) is UV-stable – see Figure 1. Note that
since βλ = 0, the renormalization group flow is always in the λ6 direction.
Figure 1: The space of coupling constants and the renormalization group flow
towards the IR for large but finite N , based on the two-loop beta function. There
are two lines of fixed points. Since βλ = 0, the flow lines are all in the λ6 direction.
3.2 The Large N Beta Function βλ6 to All Orders
In this section we argue that βλ6(λ, λ6) = O(1/N) to all orders in perturbation
theory, generalizing our explicit two-loop computation of the previous subsection.
We could not find a direct argument for this, so instead we will use a trick. We
focus on the U(N) vector model for simplicity, but the argument can be generalized
to O(N) as well.
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Consider the N = 2 supersymmetric generalization of our theory, which is the
N = 2 supersymmetric Chern-Simons U(N) gauge theory, coupled to a single mat-
ter chiral superfield Φi with components (φi, ψi) in the fundamental representation
(we use i, j = 1, . . . , N to label the fundamental representation of U(N)).4 We will
relate βλ6 in our theory (for infinite N) to the beta function of the (φ
†φ)3 coupling
in the N = 2 theory. The action of the N = 2 theory [26, 27], after integrating
out all the auxiliary fields, is
SN=2CS = −
ik
4pi
∫
Tr
[
A ∧ dA+ 2
3
A3
]
+∫
d3x
[
|Dµφi|2 + iψ¯iγµDµψi − 2 λ
N
φ¯iφiψ¯
jψj − λ
N
φ¯iφjψ¯
jψi − λ
2
N2
(φ¯iφi)
3
]
.
(12)
It was shown in [27] that this action is exactly conformal quantum mechanically, for
all values of k and N (with λ = 4piN/k). In particular, this means that the beta
function of the (φ†φ)3 coupling in this theory vanishes identically to all orders
in λ and 1/N . The theory has a global U(1)f symmetry acting on the matter
superfield as Φ → eiαΦ, and in [27] it was noticed that the operators O1 = φ¯iφi
and O2 = ψ¯iψi + 4pik (φ¯iφi)2 sit in the same supermultiplet as the U(1)f symmetry
current.5 As a consequence, the dimensions of O1 and O2 are protected to be
1 and 2 respectively. The “double-trace” term in O2 does not contribute to the
2-point function 〈O2(x)O2(y)〉 to leading order in 1/N , and therefore the operator
ψ¯iψi by itself is also protected at large N , with dimension ∆ = 2 +O(1/N).
Let us begin by arguing that the anomalous dimension of O1 vanishes at large N
also in our non-supersymmetric theory. Consider the diagrams that contribute to
〈O1O1〉 and 〈O2O2〉 in the N = 2 theory and involve a single matter loop, with
possible additional gluon lines. We will denote them collectively as
4This theory has a “parity anomaly” which means that k must be a half-integer rather than
an integer, but this will not affect our large N discussion here.
5The U(1) flavor symmetry is in fact part of the gauged U(N) symmetry. Nevertheless, in
the large N limit that we are interested in, we can obtain the same results by gauging only an
SU(N) group, and then the U(1) is a global symmetry.
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(E1) (E2)
For the rest of the section we will keep gluon lines implicit in all diagrams; at
large N when we draw the diagrams in double-line notation these lines must sit
inside the scalar/fermion loop so that the topology of each scalar/fermion loop
is that of a disk. We will show below that in the large N limit the sum of such
diagrams at a given order in perturbation theory is finite. However, the diagrams
(E1) (with gluon lines running in the loop) are precisely those that contribute to
the correlator 〈O1O1〉 in our N = 0 model in the large N limit.6 Thus, it will
follow that the dimension of O1 = φ¯iφi in our non-supersymmetric vector model
is 1 +O(1/N) to all orders in planar perturbation theory.
We now prove the finiteness of (E1) and (E2) at large N by induction. At zeroth
order in perturbation theory, (E1) and (E2) are single 1-loop diagrams which are
finite in our regularization scheme. At the next order the only diagrams contribut-
ing to the two-point functions in the N = 2 theory are still of the form (E1) and
(E2) (with an extra gluon line), so all divergences in these diagrams must cancel
(in fact, it follows from the parity transformation that these diagrams vanish). At
higher orders in perturbation theory, there are more general diagrams contributing
to 〈O1O1〉 at large N , which have the general form:
(F1)
6There are also diagrams that include (φ†φ)3 vertices, but they have tadpole matter loops,
and all such loops vanish in our regularization scheme.
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Again, gluon lines running inside the loops are implicit, and all the other diagrams
(not drawn in (F1)) contain tadpole matter loops causing them to vanish. We
know that in the N = 2 theory the sum of all these (F1) diagrams, with any
(odd) number of matter loops, is finite, since O1 is not renormalized. Working
in momentum space, each (F1) diagram factorizes at large N into a product of
sub-diagrams of the form (E1) or (E2). If a given (F1) diagram has more than one
matter loop, its sub-diagrams will be of a lower order in perturbation theory. The
sum over such sub-diagrams is finite by the induction assumption, and therefore
(F1) diagrams with more than one matter loop are finite in total. Since the sum
over all (F1) diagrams is also finite, the sum over single-matter-loop diagrams —
which are the (E1) diagrams at the order we are in — must be finite. This concludes
the induction step for (E1); the step for (E2) is analogous.7 In appendix D we verify
that indeed the anomalous dimension of φ2 vanishes in the non-supersymmetric
theory at two-loop order in the large N limit.
The argument above can be easily generalized to diagrams of the topology (E1),
which have three insertions of O1 on the scalar loop instead of two. Namely, the
sum of such diagrams is also finite (in the large N limit) in the non-supersymmetric
theory at a given order in perturbation theory. To see this consider the correlator
〈(O1)3〉 in the N = 2 theory, which does not contain divergences since both O1
and the (φ†φ)3 coupling are not renormalized in the N = 2 theory. The diagrams
contributing to this correlator again factorize into a product of matter loops, that
are in general of a lower order in perturbation theory (the only difference is that
the diagrams may now include both ψ¯ψφ¯φ and (φ†φ)3 vertices). The proof then
follows in a similar way.
We are now ready to show that βλ6 = O(1/N). In our non-supersymmetric model,
at large N the correlator 〈(O1)3〉 receives contributions from two types of diagrams,
with either zero or one (φ†φ)3 vertices:
7Note that we are using here the fact that we only have marginal couplings. In a theory with
relevant operators like (φ2)2, anomalous dimensions can arise even from finite diagrams, but this
is not true in our case.
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(G1) (G2)
The λ6 coupling contributes to 〈(O1)3〉 at large N through diagrams of the form
(G2), some of which are non-zero (such as the leading order diagram which is
explicitly drawn). Thus, if the beta function is non-zero we must have divergences
in 〈(O1)3〉. However, we have shown above that at every order in λ the sum of
diagrams (G1) is finite, and also the sum of diagrams (G2) is finite. Thus, the
beta function must vanish at large N .
3.3 Spontaneous Breakdown of Conformal Symmetry
In order to verify that our theories are conformally invariant, we should also make
sure that they do not spontaneously break conformal invariance, by a vacuum
expectation value for φ2. For the theory with λ = 0 and λ6 6= 0, this was analyzed
in detail in [24], and it was found that for λ6 < (4pi)
2 such a breaking does not
arise. In fact, the effective potential for σ = φ2/N can be computed exactly for
infinite N , and it takes the form [28]
V (σ) =
N
6
[
(4pi)2 − λ6
] |σ|3. (13)
Thus, for small λ6 the only minimum of the effective potential is at the conformal
point φ2 = 0. We expect that turning on a small coupling λ, as we analyzed above,
will lead to small changes in the coefficient of |σ|3 in this effective potential (which
can be computed in perturbation theory in λ), but at least for small λ and small
λ6 it seems clear that there will still be a minimum of the effective potential at
σ = 0. Thus, at least for weak couplings and large N , the conformal symmetry is
not spontaneously broken in the two-parameter family of conformal field theories
that we discussed above. For λ = 0 a spontaneous breaking of the conformal
14
symmetry can occur when λ6 = (4pi)
2 exactly, and it would be interesting to
investigate how this statement is modified at finite λ (see [29, 30] for a study of
the effective potential in the Abelian Chern-Simons-Matter theory, and [31] for
a similar study of the O(N) vector model with a Chern-Simons term for a U(1)
subgroup of O(N)). For small values of N , spontaneous breaking of the conformal
symmetry might happen (as in [32]), and it would be interesting to check if it
happens in our theories.
4 Higher-Spin Currents
The main goal of this section is to find the spectrum of primary operators of
the large N interacting fixed points discovered in the previous section. Let us
begin by considering the free theory, taking λ = λ6 = 0. For each positive,
even spin s it has a unique O(N)-singlet primary operator Js that saturates the
unitarity bound ∆ ≥ s + d − 2. (In the theory with a complex scalar in the
fundamental representation of U(N) there is such a primary for each positive spin,
not just the even ones.) These are symmetric, traceless tensors that can be written
schematically as8
Jµ1...µs =
1√
N
φi∂µ1 · · · ∂µsφi + · · · . (14)
For example, the first two such operators are
Jµν =
1√
N
{
−1
3
φi∂µ∂νφ
i + ∂µφ
i∂νφ
i − 1
3
δµν∂ρφ
i∂ρφ
i +
1
9
δµνφ
iφi
}
, (15)
Jµνρσ =
1√
N
{
3
2
φi∂µ∂ν∂ρ∂σφ
i − 42∂(µφi∂ν∂ρ∂σ)φi + 105
2
∂(µ∂νφ
i∂ρ∂σ)φ
i
+ 18δ(µν∂ρ∂σ)∂χφ
i∂χφ
i − 30δ(µν|∂χ∂|ρ|φi∂χ∂|σ)φi + 3δ(µνδρσ)∂χ∂ξφi∂χ∂ξφi
− 9
7
δ(µνφ
i∂ρ∂σ)φi + 18δ(µν∂ρφi∂σ)φi − 15δ(µν∂ρ∂σ)φiφi
+
9
70
δ(µνδρσ)φ
iφi + 3
2
δ(µνδρσ)φiφi − 18
5
δ(µνδρσ)∂χφ
i∂χφi
}
, (16)
where parentheses around indices denote an averaging over all permutations of
the indices. When discussing the large N limit we shall call such scalar bilinears
8We use a normalization in which the 2-point functions remain finite in the large N limit.
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“single-trace” operators. Since they saturate the unitarity bound, these primaries
are also conserved currents, ∂µJ
µ
µ1...µs−1 = 0, and therefore the free theory has an
infinite number of conserved currents. In addition there is a scalar singlet operator
J0 =
1√
N
φiφi, also a primary, with dimension ∆ = 1. In the large N limit, all
operators in the theory are products of these basic “single-trace” operators, or
descendants of such products. Note that adding the Chern-Simons sector does not
add any additional non-trivial local operators.
Let us now turn on the Chern-Simons coupling λ. As we showed in section 3.2,
the theory is still conformally-invariant at infinite N . The currents of the free
theory, as written above, are not gauge-invariant, but they can be made gauge-
invariant by promoting derivatives to covariant derivatives and projecting onto the
symmetric traceless part. The promoted currents, which will also be denoted Js,
are the “single-trace” primary operators of the new theory. At finite N they are
generally not conserved, and they also mix with “multi-trace operators”; however,
as we shall now see (following a similar analysis in [33]) they are still conserved at
N =∞.
In the free theory, the primary operator Js heads a short representation of the con-
formal group that we label (∆ = s+1, s), where ∆ is the conformal dimension and
s the spin. The shortening condition is the conservation equation ∂µJ
µ
µ1...µs−1 = 0.
For Js to become non-conserved, there must appear on the right-hand side of this
equation a non-zero operator in the representation (s + 2, s− 1). In other words,
Js must combine with another operator in this representation to form a long rep-
resentation [33],
lim→0(s+ 1 + , s)long ∼= (s+ 1, s)short ⊕ (s+ 2, s− 1) . (17)
By acting with special conformal transformations on ∂µJ
µ
µ1...µs−1 one can show
that in the limit in which Js is conserved, the (s + 2, s − 1) operator in (17)
must be a primary of the conformal algebra [34] (the coefficient of this operator in
the equation for d ∗ Js vanishes in this limit, but the special conformal generator
acting on d ∗ Js vanishes even faster). Now, a connected correlator of the form
∂µ
〈
Jµµ1...µs−1O
〉
can have a leading, O(N0) contribution in the large N limit only
when O is a “single-trace” operator. Therefore, at N = ∞, Js can only combine
with other “single-trace” operators. Since there are no such primary operators with
(s+2, s−1), Js must remain conserved even when the Chern-Simons interaction is
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turned on. Because the representations for conserved currents are short, this also
implies that the currents do not acquire an anomalous dimension at this order.
Next we consider the O(1/
√
N) corrections. At this order the currents with s > 2
can become non-conserved, but only by combining with a “double-trace” operator
[33] of the schematic form
∂ · Js ∼ f(λ)√
N
 ∂2Js−2 J0 + (other double−trace operators) , (18)
where  is the Levi-Civita tensor, and the indices are implicit and can be contracted
in various ways. Parity implies that the function f(λ) must be odd. Such an
equation implies that Js has an anomalous dimension of order 1/N , times some
function of λ.
From (18) it is easy to obtain a non-renormalization theorem for the anomalous
dimension of J0 at large N (which we derived by different methods in the previ-
ous section).9 By making a scale transformation of (18) and using the fact that
∆s = s+ 1, we see that the scaling dimension of J0 must be ∆0 = 1 +O(1/
√
N),
namely it does not get corrections at N = ∞, for any value of λ. The implicit
assumption in this argument is that the coefficient f(λ) on the right-hand side
of (18) does not vanish. This is indeed what we find for the divergence of (for
example) J4 at leading order in λ by using the equations of motion,
∂σJµνρσ = − i
2
λ√
N
{
540
7
αβ(µJν|α∂|ρ)∂βJ0 +
396
7
αβ(µ|∂αJβ|ν · ∂ρ)J0 − 468
7
αβ(µ∂νJρ)α · ∂βJ0
− 108
7
αβ(µ|∂α∂|νJρ)β · J0 − 108
7
δ(µνρ)αβJαχ∂β∂χJ0
− 1989
224
δ(µνρ)αβ∂αJβχ · ∂χJ0 + 36 αβ(µ|∂αJ|νρ) · ∂βJ0
+
3141
224
δ(µν|αβγ∂αJ|ρ)β · ∂γJ0 +O(λ2, λ6)
}
. (19)
One can verify that the right-hand side of (19) is traceless at this order, as ex-
pected: the traced right-hand side is proportional to
µαβ∂αφ
i∂ν∂βφ
i∂νφ
jφj − ναβ∂αφi∂µ∂βφi∂νφjφj + µαβ∂νφi∂α∂νφi∂βφjφj , (20)
9We thank S. Minwalla for discussions on this issue.
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and this expression can be shown to vanish by choosing a specific value for µ and
using the equations of motion.
As another check of (19) one can act on both sides with Kρ, the generator of
special conformal transformations (see Appendix C for our conventions). On the
left-hand side we have (when the operator is at x = 0)
[Kρ, [P σ, Jµνρσ]] = [[K
ρ, P σ], Jµνρσ] + [P
σ, [Kρ, Jµνρσ]] = 2i[δ
ρσD +Mρσ, Jµνρσ] = 0 ,
(21)
where we used the fact that J4 is a primary operator, and that it is symmetric and
traceless. The commutator of Kρ with the right-hand side of (19) should therefore
also vanish, and this can be verified directly. The calculation is straightforward,
and does not require substituting the explicit expressions for J2 and J0. We have
also explicitly verified in appendix D that J0 indeed has vanishing anomalous
dimension at leading order in 1/N , to two-loop order.
Let us summarize this section. We considered the spectrum of primaries in the 2-
parameter family of conformal theories at infiniteN , found in section 3. We showed
that the spectrum of single-trace, gauge-invariant primaries in these theories is
the same as that of the free theory; namely, it consists of conserved higher-spin
currents of all even positive spins in the O(N) model (and all positive spins in the
U(N) model), plus a scalar operator of conformal dimension 1. For finite N , all
these operators (except for the conserved energy-momentum tensor J2, and (for
the U(N) model) the conserved U(1) current J1) obtain anomalous dimensions.
5 Correlation Functions
We have seen above that for infinite N the scaling dimensions in our family of fixed
points are independent of λ, and the deformation of the spectrum is trivial at large
N . One could then worry that perhaps all correlation functions are independent of
λ. In this section we compute a specific correlation function of currents, 〈J2J1J1〉,
and show that it does depend on λ (already at leading order in λ).
One motivation for this computation is to obtain clues towards finding a holo-
graphic dual for the theories discussed above. The free theory with λ = λ6 = 0
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is conjectured [4] to be dual to Vasiliev’s higher-spin gauge theory on AdS4, and
our theories should be (in the classical limit) continuous deformations of this. The
existence of a deformation of Vasiliev’s theory, which is dual to the (φ2)3 deforma-
tion of the free vector model, was first mentioned in [35]. For that deformation the
holographic picture is clear, since this is a “multi-trace” deformation that is man-
ifested in the holographic dual as a change in boundary conditions of the scalar
field dual to φ2 [36, 37, 35].
On the other hand, the Chern-Simons deformation by λ should be realized on the
gravity side as a continuous, parity-breaking deformation of Vasiliev’s theory. One
natural conjecture could be that it is dual to one of the known parity-breaking
deformations of Vasiliev’s theory, which were parameterized in [3] by some odd
function V(X). However, as mentioned in [38], such a deformation seems not to
lead to a non-vanishing 〈J2J1J1〉 at leading order in λ as we find below. If so,
there should be some new, unknown deformation of Vasiliev’s theory that is dual
to turning on λ, and it would be very interesting to discover it.
5.1 Computation of 〈J2J1J1〉
Corrections to correlation functions at order λ necessarily break parity. For sim-
plicity, we study here the U(N) case, which has a conserved current J1, since the
correlator 〈J2J1J1〉 is the simplest correlator of conserved currents that can exhibit
a parity-breaking structure [39]. The conserved currents J = J1, T = J2 of the
theory of N complex scalars with U(N) Chern-Simons interactions are given by
Jµ =
1√
N
{
i(Dµφ)
†φ− iφ†Dµφ
}
, (22)
Tµν =
1√
N
{
−1
6
(φ†DµDνφ+ φ†DνDµφ+DµDνφ† · φ+DνDµφ† · φ) +Dµφ†Dνφ+Dνφ†Dµφ
−2
3
δµνDρφ
†Dρφ+
1
9
δµνφ
†D2φ+
1
9
δµνD
2φ† · φ
}
, (23)
where Dµ = ∂µ + gA
a
µT
a.
With these definitions the 2-point functions of J and T in the free theory are fixed
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to be (denoting e.g. Jε(x) = ε
µJµ(x))
〈Jε1(x1)Jε2(x2)〉 =
1
8pi2|x12|2 ε
µ
1ε
ν
2
(
δµν
|x12|2 − 2
xµ12x
ν
12
|x12|4
)
, (24)
〈Tε1ε1(x1)Tε2ε2(x2)〉 =
1
3pi2|x12|2
[
εµ1ε
ν
2
(
δµν
|x12|2 − 2
xµ12x
ν
12
|x12|4
)]2
. (25)
We now compute the correlator 〈Tε1ε2(x1)Jε3(x2)Jε4(x3)〉 in x-space at order λ. It
has a unique parity-violating tensor structure, and to compute its coefficient it will
prove useful (as in [38]) to choose all polarizations equal and null, εi = ε, ε
2 = 0,
and to take the limit x2 → x1. With these choices, the parity-violating tensor
structure has the form [39]
1
|x12||x23||x13|
(
Q21S1 + 2P
2
2S3 + 2P
2
3S2
)→ −4µνρxµ13xν12ερ(ε · x12)2(ε · x13)|x12|6|x13|6 .
(26)
In the limit x2 → x1 it diverges as |x12|−3, and we shall use this fact to discard
subleading terms in |x12|.
There are 3 diagrams, up to permutations of the current insertions, contributing
to the correlator at order λ:
(D1) (D2) (D3)
Diagrams of the type (D1) vanish because all polarizations are equal: from the
gluon propagator we have µνρε
µεν = 0. The computation of (D2), (D3) is not
completely straightforward; it involves the repeated application of several tech-
niques, as we will demonstrate by computing one of the (D3) diagrams in detail.
The results for the other diagrams are listed in Appendix B.
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In this theory the scalar and gluon propagators are given by
Ixy =
1
4pi
1
|x− y| , Iµν;xy = −
i
4pi
µνρ(x− y)ρ
|x− y|3 . (27)
To regularize the diagrams we change the loop variables to be d dimensional:
d3ω → ddω. While this is not a gauge-invariant regulator, we found that each of
the diagrams is finite and thus independent of d. We have also checked that using
a different regulator gives the same results.
The diagram (D3), with the gluon line stretched between the two scalar propaga-
tors connected to the energy-momentum tensor, is given by
−2 λ√
N
∫
ddω1 d
dω2 Iαβ;ω1ω2
[
Iω2x1T
0
(x1)Ix1ω1
←→
∂ ω1,αIω1x2(ε ·
←→
∂ x2)Ix2x3(ε ·
←→
∂ x3)Ix3ω2
←→
∂ ω2,β
]
.
(28)
Here
←→
∂ ≡ −→∂ −←−∂ , and
φi†(x1)T 0εε(x1)φ
i(x1) ≡ φi†(x1)
[
−1
3
(ε · −→∂x1)2 −
1
3
(ε · ←−∂x1)2 + 2(ε ·
←−
∂x1)(ε ·
−→
∂x1)
]
φi(x1)
(29)
is the energy-momentum tensor at leading order. It is understood that the right-
most derivative
−→
∂ in (28) acts on the left-most propagator inside the brackets.
Let us try and take as many derivatives as possible out of the integral. We are
limited by the fact that there are two propagators involving x1, and the combina-
tion T 0εε is not a total derivative acting on them. To proceed let us first split the
point x1 into two points x1, x
′
1, each connected to a different scalar line; eventually
we will take x′1 → x1. This procedure does not spoil gauge invariance, since at
this order in λ it is equivalent to stretching a Wilson line between the separated
points. The result can be written as
2iλ
(4pi)6
√
N
1
|x23| (ε ·
←→
∂x2)(ε ·
←→
∂x3) (∂x2,α − ∂x1,α) Iα
∣∣∣
x′1→x1
, (30)
where xij ≡ xi − xj, and
Iα = 2
∫
ddω1 d
dω2
αβγω
γ
12(ω2 − x3)β
|ω12|3|ω1 − x1||ω2 − x′1||ω1 − x2||ω2 − x3|3
×
×
[
2
(ε · (ω1 − x1))(ε · (ω2 − x′1))
|ω1 − x1|2|ω2 − x′1|2
− (ε · (ω1 − x1))
2
|ω1 − x1|4 −
(ε · (ω2 − x′1))2
|ω2 − x′1|4
]
.
(31)
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To arrive at this form, we used the relation (ω2−x3)β/|ω2−x3|3 = −∂βω2 |ω2−x3|−1,
and integrated by parts with respect to ω2. Note that we have chosen to take out
a single x1 derivative, while acting with the rest explicitly.
Next, note that ∂x′1,αIα = 0, as can be seen by rewriting ∂α1′ as ∂αω2 and integrating
by parts. This means that we can take x′1 → x1 before acting with the outer
derivatives in (30), since the x1 derivative there acts in the α direction. In addition,
let us shift ω1,2 → ω1,2 + x1. With these changes, the integral simplifies to
Iα = 2
∫
ddω1 d
dω2
αβγω
γ
12(ω2 + x13)
β
|ω12|3|ω1||ω2||ω1 + x12||ω2 + x13|3
[
2
(ε · ω1)(ε · ω2)
|ω1|2|ω2|2 −
(ε · ω2)2
|ω2|4 −
(ε · ω1)2
|ω1|4
]
.
(32)
Let us now consider the limit x2 → x1, in which the integral (32) diverges as |x12|−1.
In this limit, the full diagram (30) diverges as |x12|−3, and therefore contributes to
the parity-violating tensor structure (26). We first compute the last term in the
brackets in (32). Using the fact that ωγ12/|ω12|3 = −∂ω2,γ|ω12|−1 and integrating by
parts we rewrite this term as
I last termα = −2
∫
ddω1 d
3ω2
(ε · ω1)2αβγωγ2xβ13
|ω12||ω1|5|ω2|3|ω1 + x12||ω2 + x13|3
= − 1
pi
∫
ddω1 d
5ω2
(ε · ω1)2αβγωγ1xβ13
|ω12|3|ω1|5|ω2|3|ω1 + x12||ω2 + x13|3 . (33)
The second equality can be verified by introducing Feynman parameters and per-
forming the dimensional integration on both sides. The integral over ω2 can now
be carried out [40], and we find
I last termα = −
8pi
|x13|
∫
d3ω1
(ε · ω1)2αβγωγ1xβ13
|ω1|6|ω1 + x12||ω1 + x13|
1
|ω1|+ |x13|+ |ω1 + x13| . (34)
As mentioned above, this integral diverges as |x12|−1 in the limit x2 → x1, and the
divergence comes from the region |ω1|  1. As we approach the limit, most of the
contribution to the integral will therefore come from this region. We can therefore
expand around ω1 = 0, keeping only the leading term; the remaining terms will
give sub-leading corrections in |x12|. We thus arrive at a straightforward integral,
I last termα = −4pi
xβ13
|x13|3
∫
d3ω1
(ε · ω1)2αβγωγ1
|ω1|6|ω1 + x12| +O((x12)
0) . (35)
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The other two terms in (32) have an |x12|−1 divergence in the limit x2 → x1
coming from the region |ω1|, |ω2|  1, and we can similarly take the leading order
in the expansion around ω1,2 = 0. The resulting integral is again straightforward
to evaluate,
Iterms 1,2α = 2
xβ13
|x13|3
∫
ddω1 d
dω2
αβγω
γ
12
|ω12|3|ω1||ω2||ω1 + x12|
[
2
(ε · ω1)(ε · ω2)
|ω1|2|ω2|2 −
(ε · ω2)2
|ω2|4
]
+O((x12)
0) .
(36)
Combining the results of (35) and (36) and plugging into (30), the contribution of
the specific (D3) diagram that we computed to the parity-violating tensor structure
is
i
24pi4
λ√
N
(ε · x12)2(ε · x13)αβγxα12xβ13εγ
|x13|6|x12|6 . (37)
By applying similar techniques one can compute the other (D2), (D3) diagrams
and their permutations; the results are listed in Appendix B. Summing these
contributions, we find the following non-zero result at order λ,
〈Tεε(x1)Jε(x2)Jε(x3)〉|x2→x1 =
i
24pi4
λ√
N
(ε · x12)2(ε · x13)αβγxα12xβ13εγ
|x13|6|x12|6 . (38)
Using the known tensor structure (26), for general coordinates and polarizations
this implies
〈Tε1ε1(x1)Jε2(x2)Jε3(x3)〉 =
i
96pi4
λ√
N
1
|x12||x23||x13|
(
Q21S1 + 2P
2
2S3 + 2P
2
3S2
)
+ o(λ2) .
(39)
6 Summary and Future Directions
In this paper we studied the three dimensional O(N) (U(N)) vector model coupled
to a Chern-Simons theory at level k, in the limit of large N, k with a fixed ratio
λ = 4piN/k. We found that for infinite N this theory has two exactly marginal
deformations, corresponding to λ and to a (φ2)3 coupling, while for finite large
N we showed that there is (at least for small λ) a single IR-stable fixed point
for every λ. For infinite N we showed that none of the operators of the theory
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have anomalous dimensions, so that the infinite tower of conserved currents of the
theory with λ = 0 remains also for finite λ (and finite λ6). We showed explicitly
that some of the correlation functions of the infinite N theory do depend on λ.
The fact that at infinite N we find an infinite tower of conserved currents even
in the interacting theory at finite λ is quite surprising, and suggests that this
theory may have some interesting integrable structure. In this paper we only
performed explicit computations at low orders in perturbation theory. However,
the existence of an infinite number of conserved currents may be useful towards
performing exact computations as a function of λ in these theories. When our
scalar fields are replaced by fermion fields, many such exact computations can
indeed be performed [38]. In this case there is a choice of gauge for which only
rainbow diagrams contribute, simplifying the resummation of all planar diagrams.
For scalar fields we have not yet been able to find similar simplifications.
Vector models of the type we analyze here exhibit large N phase transitions at
temperatures of order
√
N [41, 38]. It would be interesting to generalize these
transitions to our finite λ theories.
It would also be interesting to understand the holographic duals of the theories
with finite λ that we discussed here, which should be continuous deformations of
Vasiliev’s higher-spin theories. Unlike standard marginal deformations, here we
are not deforming by the integral of a gauge-invariant local operator, so it is not
obvious how to identify this deformation. Perhaps the attempted derivations of the
AdS/CFT correspondence for λ = 0 [10, 11, 12, 13] can be generalized to finite λ,
by replacing the scalar bilinear operators φi(x)φi(y) appearing in these derivations
by a gauge-invariant bilinear (in which the two scalars are connected by an open
Wilson line); if so then this should provide clues towards the construction of this
holographic dual.
It would also be interesting to understand finite N corrections to our theories
on the gravity side, though this may require a quantum completion of Vasiliev’s
higher-spin theory that is not yet known. Since on the field theory side our theo-
ries are vector models, it seems that they should not correspond to closed string
theories, but to open string theories coupled to a trivial (topological) closed string
background. For instance, since the closed string duals of the O(N)k and U(N)k
Chern-Simons theories are known topological string theories [42, 43], one could
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imagine that adding fundamental matter fields to these theories (as we have done)
should correspond to adding non-topological D-branes to these topological string
theories.
There are many possible generalizations of our computations. The generalization
to the case of l vectors of scalar fields is straightforward, and all the operators we
discuss just become l × l matrices (the description of this on the gravity side is
straightforward). The anomalous dimensions of all these operators still vanish in
the large N limit, so in particular we have many massless “gravitons” in this case,
as expected for a theory involving l D-branes. The generalization to fermionic
fields instead of scalars will be discussed in [38]. One can also consider an N = 1
supersymmetric generalization of our theories, whose field content includes both a
scalar and a fermionic field, with specific interactions between them. The gravity
dual for this case was discussed in [44, 45], and it would be interesting to generalize
our discussion of the theory with finite λ to this case. It would also be interesting
to find the gravity dual for the N = 2 generalizations of our theories, that we
briefly discussed in §3.2.
We hope that further study of these theories will shed more light on the structure
of the AdS/CFT correspondence in the case where it gives a weak-weak coupling
duality, and hopefully also in general.
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A Conventions
Starting with the action (1), let us separate it to the physical coupling part plus
counterterms, δZx = Zx − 1, δα = 12γR − 12α , so that
S = Sphys.CS + S
phys.
gh + S
phys.
b + S
c.t.
CS + S
c.t.
gh + S
c.t.
b , (40)
Sphys.CS =
∫
ddx
{
− i
2
µνλA
a
µ∂νA
a
λ −
i
6
µ/2gµνλf
abcAaµA
b
νA
c
λ
}
, (41)
Sphys.gh =
∫
ddx
{
− 1
2α
(∂µA
a
µ)
2 + ∂µc¯
a∂µca + µ/2gfabc∂µc¯
aAbµc
c
}
, (42)
Sphys.b =
∫
ddx
{
1
2
(∂µφi)
2 + µ/2g∂µφiT
a
ijA
a
µφj −
1
4
µg2{T a, T b}ijφiφjAaµAbµ
+µ2
g6
3! · 23 (φiφi)
3
}
, (43)
Sc.t.CS =
∫
ddx
{
− i
2
δZAµνλA
a
µ∂νA
a
λ −
i
6
µ/2gδZgµνλf
abcAaµA
b
νA
c
λ
}
, (44)
Sc.t.gh =
∫
ddx
{
−δα(∂µAaµ)2 + δZgh∂µc¯a∂µca + µ/2δZ˜ggfabc∂µc¯aAbµcc
}
, (45)
Sc.t.b =
∫
ddx
{
1
2
δZφ(∂µφi)
2 + µ/2δZ ′gg∂µφiT
a
ijA
a
µφj −
1
4
µδZ ′′g g
2{T a, T b}ijφiφjAaµAbµ
+µ2δZg6
g6
3! · 23 (φiφi)
3
}
. (46)
We use Landau gauge, α→ 0, in which the gluon propagator is
−δabµνλp
λ
p2
. (47)
The O(N) generators in the fundamental are taken to be real and anti-symmetric,
(T a)† = (T a)T = −T a. They satisfy
Tr
(
T aT b
)
= δabC1 , f
acdf bcd = δabC2 , T
a
ijT
a
kl = Iij,klC3 ,
fabcT bikT
c
kj =
1
2
C2T
a
ij , f
abc = Tr
(
T a[T b, T c]
)
, (48)
where
C1 = C3 = 1 , Iij,kl =
1
2
(δilδkj − δikδjl) , C2 = 2−N . (49)
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We will also be interested in the case of a complex scalar field in the fundamen-
tal representation of U(N), again coupled to gauge fields with a Chern-Simons
interaction. In this case the scalar action is
Sb =
∫
ddx
{
Zφ|Dµφi|2 + µ2Zg6
g6
3!
(φ†φ)3
}
, (50)
and the generators of U(N) in the fundamental representation satisfy (48), with
C1 = C3 = 1 , Iij,kl = δilδkj , C2 = −2N . (51)
The SU(N) case is identical at large N , differing by an extra term in Iij,kl. The
counterterms for the complex and real theories are related by
δZ
SU(N)
φ = 4δZ
O(N)
φ , δZ
SU(N)
g6
= 4δZO(N)g6 . (52)
B 2-Loop Diagram Results
The following are the diverging parts of the diagrams of the O(N) Chern-Simons-
matter theory appearing in sections 3.1 and 5.1, and in appendix D.
(A1) = −g4g6 (δi1i2δi3i4δi5i6 + 14 perms.)
(
3
2
N2 +
21
2
N − 12
)
1
64pi2
1

, (53)
(A2) = g8 (δi1i2δi3i4δi5i6 + 14 perms.)
(
N2 +N − 2) 3
64pi2
1

, (54)
(A3) = −g8 (δi1i2δi3i4δi5i6 + 14 perms.)
(
N2 − 3N + 2) 3
64pi2
1

, (55)
(A4) = −g4g6 (δi1i2δi3i4δi5i6 + 14 perms.) (N − 1)
9
32pi2
1

, (56)
(A5) = g8 (δi1i2δi3i4δi5i6 + 14 perms.) (N − 1)
3
64pi2
1

, (57)
(A6) = 0 , (58)
(A7) = g8 (δi1i2δi3i4δi5i6 + 14 perms.) (N − 1)
9
32pi2
1

, (59)
(A8) = g26 (δi1i2δi3i4δi5i6 + 14 perms.) (3N + 22)
1
32pi2
1

. (60)
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(B1) = −g4δijp2
(
N2 − 3N + 2) 1
96pi2
1

, (61)
(B2) = g4δijp
2
(
N2 −N) 1
384pi2
1

, (62)
(B3) = g4δijp
2 (N − 1) 1
48pi2
1

, (63)
(B4) = g4δijp
2 (N − 1) 1
96pi2
1

. (64)
(C1) = g4δi1i2
(
3
2
N2 +
21
2
N − 12
)
1
96pi2
1

, (65)
(C2) = g4δi1i2 (N − 1)
3
16pi2
1

. (66)
Let us denote the diagrams (D2),(D3) of section 5.1, including permutations, as
(D21) (D22) (D23)
(D31) (D32) (D33)
Their contributions to the parity-violating tensor structure (26) at order λ, for
null polarizations in the limit x2 → x1, are given by
λ√
N
(ε · x12)2(ε · x13)αβγxα12xβ13εγ
|x13|6|x12|6 (67)
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times the following factors,
(D21)→ i
12pi4
, (D22)→ 0 , (D23)→ 0 , (68)
(D31)→ i
24pi4
, (D32)→ −i
12pi4
, (D33)→ 0 . (69)
C Conformal Transformations
The conformal algebra in Euclidean space is
[Mµν , Pρ] = −i(δµρPν − δνρPµ) , [Mµν , Kρ] = −i(δµρKν − δνρKµ) ,
[D,Pµ] = −iPµ , [D,Kµ] = iKµ , (70)
[D,Mµν ] = 0 , [Kµ, Pν ] = 2i(δµνD +Mµν) ,
[Mµν ,Mρσ] = −iδµρMνσ + iδνρMµσ + iδµσMνρ − iδνσMµρ . (71)
The action of D on a local primary operator O(x) with dimension ∆ is
[D,O(0)] = −i∆O(0) . (72)
The Lorentz generators in the vector representation are
(M˜µν)αβ = i(δµαδνβ − δµβδνα) , (73)
and their action on a tensor operator Jρ1···ρn is
[Mµν , Jρ1···ρn ] = −(M˜µν)ρ1αJαρ2···ρn − · · · − (M˜µν)ρnαJρ1ρ2···α . (74)
D Anomalous Dimension of φiφi
In this appendix we verify explicitly that J0 = φ
iφi/
√
N does not receive an
anomalous dimension at two loops and infinite N , in accordance with the general
results of sections 3.2 and 4. To compute the anomalous dimension of J0 we
consider the correlator
〈φ2(x)φi1(x1)φi2(x2)〉amp. (75)
in momentum space. The following two diagrams contribute to the divergence:
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(C1) (C2)
The divergent parts of these diagrams appear in Appendix B. Only (C1) contains
a planar diagram, and its contribution at large N to the correlator with amputated
φ legs is
λ2δi1i2
1
64pi2
1

. (76)
The bare amputated correlator is related to the amputated correlator of the phys-
ical theory by 〈
φ2φi1φi2
〉
phys.
=
Zφ
Zφ2
〈
φ2φi1φi2
〉
bare
, (77)
where Jbare0 = Zφ2J
phys.
0 , and Zφ = 1 − λ2 1128 1 + O(1/N) (see (6)). This should
not have any divergence. Using (76), and noting that the amputated correlator
(75) equals (2δi1i2) at tree-level, the divergence of (77) at the large N limit, can
be seen to be
−2δi1i2δZφ2 +O(λ3) . (78)
Therefore, to leading order in 1/N , δZφ2 = O(λ
3) and φ2 has no anomalous di-
mension.
For the theory of a complex scalar field in the fundamental representation of U(N),
using the relations (52) and the fact that the tree-level correlator equals 1, we also
reach the conclusion that the operator |φ|2 has no anomalous dimension.
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